Long-distance entanglement and quantum teleportation in coupled cavity arrays 
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We introduce quantum spin models whose ground states allow for sizeable entanglement between distant 
spins. We discuss how spin models with global end-to-end entanglement realize quantum teleportation channels 
with optimal compromise between scalability and resilience to thermal decoherence, and can be implemented 
straightforwardly in suitably engineered arrays of coupled optical cavities. 
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Experimental realizations of quantum communication llj] 
and information [2] protocols fall roughly in two classes. The 
first one includes all-optical implementations, either with sin- 
gle photons limist], or with continuous variables 16(1. In the 
optical setting, quantum communication is to a great extent 
decoherence-free and can be easily carried out over long dis- 
tances. However, the scalability of all-optical devices is fun- 
damentally limited, as the engineering of strong interactions 
between photons poses formidable challenges. The second 
class includes matter-based devices such as systems of trapped 
ions i?! lit], superconducting quantum dots Jgt], and NMR- 
based devices lliol ll 111 . Matter-based implementations, that 
in principle are easily scalable, suffer from hardly avoidable 
strong incoherent interactions with the environment. More- 
over, typical schemes of quantum communication rely on 
properly engineered direct interactions between microscopic 
constituents. This requirement is due to the fact that in many- 
body systems and spin chains, entanglement between individ- 
ual constituents decays very rapidly with the distance. 

Crucial theoretical progress has been obtained with the re- 
cent discovery that the ground state of particular classes of 
quantum spin models with a finite correlation length can sus- 
tain "long-distance entanglement" (LDE), i.e. finite and large 
values of the entanglement between distant spins even in the 
thermodynamic limit il2l 11311 . The LDE property, being 
a global, non perturbative, ground-state feature is generated 
physically over extremely short time scales (instantaneous, to 
all practical purposes). Moreover, in a particular class of mod- 
els that will be introduced and discussed in the present work, 
LDE is enormously stable against thermal fluctuations and de- 
coherence. As we will show, global LDE in these models is 
achieved by a minimal set of local actions on the end-bond 
and near-end-bond couplings. Therefore, these models can be 
realized in physical systems that allow a sufficient degree of 
control, flexibility, and single-site addressing. Quite recently, 
hybrid atom-optical systems of coupled cavity arrays (CCAs) 
have been intensively studied in relation to their ability to re- 
alize/simulate collective phenomena typical of strongly cor- 
related systems ITil [is, 16, 17, 181. In fact, the extremely 



gle constituents, and the great degree of flexibility in their ge- 
ometric design lfl9ll . make CCAs strong candidates for the re- 
alization of extended communication networks and scalable 
computational devices. 

In this work we investigate quantum spin systems and 
schemes for the realization of long-distance quantum telepor- 
tation based on the phenomenon of LDE, and we illustrate 
their experimental feasibility in suitably engineered CCAs. 
We first introduce a class of spin models with open ends 
and suitably defined end-bond and near-end-bond interac- 
tions, and we discuss how the ground-state structure of these 
models sustains global LDE and allows for long-distance and 
high-fidelity end-to-end teleportation, even at moderately high 
temperatures. We then show how these quantum spin chan- 
nels, that conjugate scalability and resilience to decoherence, 
can be implemented by open-end, one-dimensional CCAs 
with properly engineered local couplings at each end. Fi- 
nally, by exploiting the high degree of control and flexibility 
of CCAs, we introduce quasi-deterministic schemes of tele- 
portation with high success rates without direct projection on 
Bell states and Bell measurements, thus overcoming one of 
the major difficulties that typically beset matter-based devices. 

Let us first consider quantum spin models defined on a one- 
dimensional lattice of length N, with open ends, and general 
site-dependent nearest-neighbor interactions of the XX type: 
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high controllability, the straightforward addressability of sin- 



where Jfc is the set of the — 1 nearest-neighbor couplings 
and 5^ denotes the Spin- 1/2 operators at site k (a — x, y). 
The pure XX limit is recovered when = J, Vfc. The model 
is exactly solvable by Jordan- Wigner diagonalization, both 
for chains of finite size and in the thermodynamic limit ll20ll . 
For arbitrary site-dependent couplings, the associated models 
are still exactly solvable by a straightforward extension of the 
techniques developed in Ref. 1I20I1 . albeit, in general, only nu- 
merically 112, 2li, 221. For these models, the phenomenon of 
perfect ground-state LDE (maximal end-to-end concurrence 
independent of the size of the chain) sets on when the Hamil- 
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Ionian Hs is dimerized, with perfectly alternated weak and 
strong couplings: Jk = Jodd (k = 1, 3, N-V), Jk = Jeven 
{k = 2,4, ...,iV - 2), and J^dd < Jeven ill- Normaliz- 
ing all couplings by Jeven^ and renaming the rescaled odd 
coupling; JoddJ Jeven = A, the condition for perfect LDE 



reads A <C 1 11 1311 . Ground-state quasi-perfect LDE (maximal 
end-to-end concurrence slowly decaying with the size of the 
chain) is realized by models with uniform bulk (b) interactions 
and weak end bonds (eb): J2 = Jz = ■■■ = Jn-2 = Jb, 
Ji = Jn-1 = Jeb- Rescaling all couplings by Jb (with 
Jeb/Jb = A), the condition for quasi-perfect LDE reads 
A ^ 1 I13II . In the first instance (dimerized XX model) 
the energy gap closes exponentially with the size of the sys- 
tem, making this system useless for realistic applications at 
finite temperature. In the second instance (the A model) the 
gap closes with an algebraic power law, but useful amounts 
of LDE can survive only at extremely low temperatures, un- 
reachable at present and in the immediately foreseeable future 
ITsll . Here we introduce a A-// model that realizes an opti- 
mal compromise between the requirements of strong LDE in 
a system of large size, robustness of LDE at moderately high 
temperatures, and ease of realistic implementations. The A-/i 
model is defined by Hamiltonian ([T]) with uniform bulk inter- 
actions and alternating weak end bonds (eb) and strong near- 
end bond (neb) interactions: J3 = J4 = ... = Jiv_3 = Jf), 
J2 — Jn-2 = Jneb, and Ji = Jn-1 = Jeb- Normaliz- 
ing all interactions by Jb, and redefining the scaled couplings 
Jeb/Jb = A and J„eb / Jb ^ the condition for an optimized 
end-to-end LDE is A <C 1 ^ /i. 

The LDE properties of the A-/i chain, at zero and finite tem- 
perature, are reported in the upper panel of Fig. [H where the 
end-to-end concurrence is plotted as a function of the size of 
the chain. In the lower panel of Fig. [T]we report the behavior 
of the corresponding maximal fidelity of teleportation Tmax, 
which, in the case of nonvanishing spin-spin concurrence, is a 
monotonic function of the pairwise end-to-end entanglement 
lfl3 . 231. Fig. [U shows that interacting spin systems of the 
A-/J, type conjugate efficiently resilience to decoherence and 
scalability, as further confirmed by comparing with the per- 
formance of systems of the A type. 

Let us now consider a linear CCA with open ends, consist- 
ing of iV cavities. The dynamics of a single constituent of the 
array doped with a single two-level atom is well described by 
the Jaynes-Cummings Hamiltonian 

Hfe = cJaj,afc+t^'|efc)(efe|+.ga[.|.gfc)(efe|+.g|efe)(afc|afc , (2) 

where (aj^) is the annihilation (creation) operator of pho- 
tons with energy uj in the fc-th cavity, j^fc) and |efc) are respec- 
tively the ground and excited atomic states, separated by the 
gap cj', and g is the photon-atom coupling strength. The local 
Hamiltonian Eq. (|2]i is immediately diagonalized in the basis 
of dressed photonic and atomic excitations (polaritons): 

|0fc) - |gfc)|Ofe); (3) 
|n+fe) = cos6'„|5fc)|nfc) + sin6'„|efe)|(n - l)fe) n>l; 
|n-fc) = sin6'„|gfc)|nfc) - cos6'„|efe)|(n - l)fe) n>l, 
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FIG. 1: (Color online) Upper panel, lines with full symbols: Con- 
currence Ciiv between the end points of a X-jj, chain as a function of 
the length A'', for different values of A and /i, at zero temperature. 
From top to bottom: Line with full boxes: A = 0.15, ^ = 7.0. Full 
circles: A = 0.2, fi = 5.0. Full triangles: A = 0.4, = 3.0. Full 
diamonds: Cijv of a A spin chain (i.e. with /i = 1) for A — 0.2. 
Upper panel, lines with empty symbols: Cijv as a function of at 
different reduced temperatures T/Jt for the same sets of values of 
A and /i as for the corresponding lines with full symbols. From top 
to bottom: Line with empty boxes: T/Jt — 0.0005. Empty circles: 
T/Jt = O.OOOL Empty triangles: T/Jb = 0.001. Empty dia- 
monds: Cijv of the corresponding A spin chain at T/Jb = 0.0006. 
Lower Panel: The maximal fidelity of teleportation Tmax I23I1 be- 
tween the end points of the A-/i chain as a function of A'^, at zero and 
finite temperature, for the same set of values reported in the upper 
panel. In the case of the A model (lines with diamonds), J-max sinks 
below the classical threshold 2/3 (horizontal dashed line), for the 
corresponding vanishing values of the end-to-end concurrence (See 
upper panel). All quantities being plotted are dimensionless. 



where On is given by tan26'„ = —g^/n/lS. and A = — w 
is the atom-light detuning. Each polariton is characterized by 
an energy equal to 



£q = 0; e„± 



A2, 
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When Lo — y^p + A^ the ground state of Eq. (|2]) becomes 
two-fold degenerate, resulting in a superposition of |0a:) and 
|1— A;), see Fig.|2] If both the atom-cavity interaction energy 
and the working temperature are small compared to £2- = 
1\J g"^ + A^ — ■\/2g2 + A^, one may neglect all the local po- 
laritonic states but and |1— fc). This situation defines a lo- 
cal two-level system. Adjacent cavities can be easily coupled 
either by photon hopping or via wave guides of different di- 
electric and conducting properties. The wave function overlap 
between adjacent cavities introduces the associated tunneling 
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FIG. 2: Representation of the energy levels for a cavity with uj — 
y'g^ + A^. The ground state is two-fold degenerate, and the energy 
gap £2- prevents the occupancy of the higher energy levels, thus 
realizing an effective two-level system. 
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FIG. 3: (Color online) Scheme of a CCA realizing the A-/i XX 
model. Dark green (grey in black and white print): Overlap of the 
wave functions associated to each site of the array. The two next- 
to-end sites (boxes) are symmetrically displaced towards their neigh- 
bors in the bulk (circles). The overlap (black area) between the wave 
functions of these two cavities and their neighbors in the bulk is thus 
larger than the would-be reference (unit) one in an equispaced CCA. 
Viceversa, the overlap between the end sites of the array (diamonds) 
and the next-to-end sites is reduced proportionally compared to an 
equispaced array. 



elements, so that the total Hamiltonian of the CCA is 
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Hcca = '^Hk - Jk{a\ak+i + al+iOfc) ■ (5) 

k k 

Each hopping amplitude Jk depends strongly on both the ge- 
ometry of the cavities and the actual overlap between ad- 
jacent cavities. If the maximum value among all the cou- 
plings {Jfc} is much below the energy of the first excited 
state: max{ J^} ^ £2-, then the total Hamiltonian Eq. (|5]l 
can be mapped in a spin- 1/2 model of the XX type with site- 
dependent couplings of the form Eq. where the state \%k) 
(|l-fe)) plays the role of | [u) (| tfc))- The mapping to an 
open-end A-/i linear spin chain is then realized, e.g., by sim- 
ply tuning the distance between the end- and next-to-end sites 
of the CCA, as showed in Fig. [3] The A-^ chain is thus re- 
alized by placing the second and the {N — 1) — t/i cavities 
slightly off their would-be positions in an equispaced CCA. 
This shift lowers the coupling between the two cavities and 
those at the end-points of the chain: Ji/Jb = JN-i/Jb = 
A < 1, where Ji, is the uniform nearest-neighbor coupling 
in the bulk. Viceversa, it increases the coupling between the 




0.0 0.2 0.4 0.6 o.s 1.0 

A 



FIG. 4: (Color online) Fidelity of teleportation F,nax in a A-/i con- 
figuration, by exact numerical diagonalization, for a CCA of A'^ = 12 
cavities, as a function of the couplings A = Ji/Jj, and ^ = J2/ Jb 
and at different temperatures T / Jb- Left panel: T/Jj, = 0.005. 
Right panel: T / Jb — 0.01. Fmax varies between 0.5 (dark red in 
color, dark grey in black and white print) and 1.0 (light orange in 
color, light grey in black and white print). Dashed lines: Classical 
threshold F^, 
less. 



2/3. All quantities being plotted are dimension- 



two next-to-end sites and their nearest neighbors in the bulk: 

J2/Jb = JN-2/Jb = M > 1. 

We now proceed to illustrate that CCAs in the A-/i con- 
figuration allow for long-distance and high-fidelity quantum 
communication in fully realistic conditions at moderately high 
temperatures. In Fig. |4] we report the fidelity of teleporta- 
tion Fmax as a function of the reduced couplings A and fi for 
different temperatures. Remarkably, Fig. H] shows the exis- 
tence of a rather high critical temperature of teleportation for 
CCAs in the A-/i configuration. The region of the physical pa- 
rameters compatible with a nonclassical fidelity Fmax > 2/3 
is progressively reduced with increasing temperature, until it 
disappears at Tc ~ 0.13 J;,. Similar behaviors are observed 
for longer CCAs, with Tc slowly decreasing with the length 
of the array. For instance, for an array of iV = 36 cavities in 
the A-^ configuration, the critical temperature of transition to 
bona fide quantum teleportation is Tc ~ O.llJ;,. 

A formidable obstacle to the concrete realization of work- 
ing quantum teleportation devices is performing the projec- 
tion over a Bell state, in order for the sender to teleport a 
quantum state faithfully to the receiver. In fact, in the frame- 
work of condensed matter there hardly exist quantities, easily 
available in current and foreseeable experiments, that admit 
as eigenstates any two-qubit Bell states. In the following, we 
will illustrate a simple and concrete scheme for long-distance, 
high-fidelity quantum teleportation in A-/i CCAs that realizes 
Bell-state projections indirectly, by matching together free 
evolutions and local measurements of easily controllable ex- 



perimental quantities 1124 125L 12611 . We first illustrate it in the 



simplest case of two cavities at zero temperature, with the first 
cavity accessible by the sender and the second one by the re- 
ceiver. The sender has access also to a third cavity, the "0" 
cavity, that is decoupled from the rest of the chain and stores 
the state to be teleported \ip) ~ a\ to) + P\ io)- The de- 
coupling of the 0-th cavity is achieved, e. g., by removing the 
degeneracy among |0)o and |1— )o and taking |eo— ^ Jo- 
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FIG. 5: (Color online) Fidelity of teleportation / in a A-/i CCA chan- 
nel of A'^ = 12 cavities, for a generic input \(p) = a\ |o) + P\ lo), 
as a function of |a| at different temperatures. From top to bottom: 
Solid line: T = O.OOlJi,. Dashed line: T = O.OOSJb. Dotted line: 
T = 0.004J6. Dot-dashed line: T = 0.005 Jb. Double-dot-dashed 
line: T = 0.007J(,. Here A = 0.5, fi = 4.0, and u = 50. Horizontal 
solid line: Classical threshold /c = 2/3. All quantities being plotted 
are dimensionless. 

The total system is initially in the state 

|*(0)) = -i=(a| to) +/3| io))(| Ti)l i2) + I T2)). (6) 
At t = the state begins to evolve and, if Jq ^ Ji, one has: 

l*W> = ^[«|To>ITi)U2>+/3Uo)Ui>IT2> (7) 

I to)| ii)(acos(JoOI h) - ^/3sin(Jo^)| i2» 
I io)| Ti>H«sin(Jot)| T2)+/3cos(Jot)| I2))] ■ 

If at time t = 7r/(4Jo) Alice measures the local magnetiza- 
tions {Sq, 5f ) in the first two cavities, she will find with prob- 
ability 1/2 that the teleported state is the image of | ip) under 
a local rotation. The value 1/2 for the probability stems from 
the fact that any simultaneous eigenstate of Sq and Sf can be 
obtained with equal probability but one may discard the case 
in which the total magnetization is equal to ±1. Realizing a 
local rotation of ±tt/2 around 5|, with the sign depending on 
the result of the measurement that the sender communicates 
classically to the receiver, the latter recovers the original state 
\ip) with unit fidelity. 

The simple protocol described above can be immediately 
extended to A-/i CCAs of any size, at finite temperature, and 
removing the constraint Ji <C Jo- By resorting again to exact 
diagonalization, in Fig.|5]we report the behavior of the fidelity 
of teleportation /, as a function of |a| of the state \(p), in the 
case of an array of TV = 12 cavities, with 1/ = Jo/Jb ~ 
50 and for different temperatures. Also in the non-ideal case 
the teleportation protocol has probability 1/2 of success. The 
fidelity depends on the input state, with a maximum for inputs 
with I a I = 1/3 1 = I/V2 and a minimum for inputs with |a| = 
0.1. The fidelity remains above 0.95 for all values of |a| at 
moderately low temperatures {T ~ ID"'' Jb). 

In conclusion, we have introduced a class of quantum 
spin models characterized by a non-perturbative, ground-state 
(quasi) long-distance entanglement strongly resilient to ther- 
mal decoherence, that can be efficiently realized with a min- 
imal set of local actions on the end sites of open CCAs. We 



have showed that these systems allow for a simple probabilis- 
tic protocol of long-distance, high-fidelity quantum telepor- 
tation that yields a high rate of success without direct Bell 
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